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1. INTRODUCTION 
In this note we shall restrict our attention to the quasilinear wave equation: 
where 
au(q) av () ---= 
at ax and 
set a-w 0 
z-ax= 3 m 
(l-1) 
z(q) kf Joq c(s) ds, (14 
and 0 < c(q), -cc < q < a, is the sound speed of the medium and satisfies 
c’(q) < 0. 
Our interest here is in obtaining asymptotic estimates for stopping-shock 
problems for (E); that is, estimates for weak solutions of (E) in the quarter 
plane {(x, t) 1 x > 0 and t > 0} satisfying the initial condition: 
(4, v>(x, 0) = (0, Oh x > 0, PC) 
and the impulsive boundary condition: 
q(0, t) = 1; + O, 
The principal result of this investigation is that the Riemann Invariants 
01 = (v - q)/2 and /I = (v + q)/2 decay as l/t1/2 and I/t, respectively. The 
methods used to establish these results differ from those used to obtain 
other decay theorems for hyperbolic systems (cf. [l-4]). We show how the 
decay of the energy, 
-9-(t) = j+- ($ + g(q)) (x, t> dx with 
0 
&q) = j-f 3 4 
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may be used to obtain the estimate 
cr(0, t) = fqo, t) = 0(1/t). (1.3) 
The estimate for OL in the interior of the quarter plane ((x, t) ( x > 0 and 
t > 0} is then shown to follow from (1.3) and the vanishing of certain 
judiciously chosen contour integrals. 
2. PRELIMINARIES 
The Riemann Invariants for (E) are the quantities 
a = (v - q)/2 and B = (v + d/2- (2.1) 
In regions of {(x, t) 1 x > 0 and t > 0} where solutions of (E) are smooth 
they satisfy 
g + c(p - 01) g = 0 and afi - - c(/3 - lx) g = 0. at (2.2) 
The Rankine-Hugoniot or shock conditions for (E) are 
and 
g (V!7+) - WI-)) + bJ+ - u-> = 0 
g (v+ - 4 + WI,) - a)) = 0, 
P-9 
where x = s(t) is a shock wave. We are employing the notation that + 
denotes a limit from the right and - a limit from the left (in x at fixed t). 
We shall only consider shocks which satisfy the “entropy” condition intro- 
duced by Lax [5]. For forward shocks the conditions (RH) and the “entropy” 
condition imply that 
‘j2 1 
v- - v+ = lb+ 3 s-> kf (m7+) - %LN v47+) - uk>>>l’“~ 
and 
4+ > 4- Y 
while for back shocks they yield 
Wt = --c(q- , q+), 
v- - v+ = I(% , q+), 
(2.3) 
(2.4) 
(2.5) 
(2.6) 
(2.7) 
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and 
q- > !z+ * w-0 
In what follows we shall require an identity for the evolution of the energy 
where 
(2.10) 
Throughout the remainder of this paper A(r) will denote any positive valued 
function satisfying lim,,, A(r) = 1. 
LEMMA 2.1. Let (q, v) be apiecewise smooth solution of(E) in {(x, t) 1 x > 0 
and t > 0} satisfying (Z(q) v)(O, t) = 0, t > TI , and vanishing at x = +CO. 
Then, for times t > TI 
where 
and 
Y(T) = {x 1 x is the location of a shock wave at time r}, (2.12) 
D(q+ , q-) (x, 7) = 2 (T) f+;;(’ (Z(v) - ‘(‘+) ; z(q-)) 3, 
(2.13) 
x = S(T) E Y(T). 
0 
Proof. The lemma follows simply from differentiating F(t) and making 
use of (E) and (RH). 
LEMMA 2.2. For any admissible shock 
%+ Y 4-I = 4 4+ - q- I) I el*)l I P+ - Q- IS 6 (2.14) 
cl 
Proof. The lemma follows from the fact that 
d(q+ , q-) Ef /*y (X(,) - ‘(‘+) ; ‘(‘-) ) $ , 
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satisfies 
and 
and from the hypotheses c(q) > 0 and c’(q) < 0. 
The preceding two lemmas and the fact that across a forward (backward) 
shock the change in P(Lx) may be written as 
p- - /3+(x - a+) = “(‘~+~9-‘)(~(q*))219+-4-13, 
imply the next lemma. 
LEMMA 2.3. If the hypotheses of Lemma 2.1 hold, then 
Here, 
< &UP!7) I c'(O)l~(~d 
\ W(0) * 
and 
F(T) = {x 1 x is the location of a forward shock at time T}, (2.17) 
g(~) = {x 1 x is the location of a back shock at time 7}0 (2.18) 
3. DECAY ESTIMATES 
(2.15) 
(2.16) 
We now turn to the problem (E), (IC), and (BC). The case where q1 < 0 
will be treated in detail. The case q1 > 0 follows from similar arguments. 
The early stages of the motion are quite simple. Starting at (x, t) = (0,O) 
we have a forward shock x = ~(0, q& 0 < t < Tl , and the solution is 
Again c( *, a) and J(., .) are the functions defined by (2.3) and (2.4), respec- 
tively. 
409/5012-7 
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To continue this solution past Tl we are forced to look for a solution to (E) 
satisfying 
(41) I(% cd), 0 < x < 40, ql) Tl (0, O), ~(0, 41) Tl < x ’ (I%-, 
and the homogeneous boundary condition 
P(O, t) = 0, Tl < t. PC) 
That this problem has a solution follows from the arguments employed 
by the author in his paper “On the interactions of shocks and simple waves 
of the same family” [13]; in fact, the procedure employed there to obtain 
piecewise smooth approximate solutions carries over without modification. 
Certain relevant facts about the solution are summarized below: 
(i) The following pointwise bounds persist for all x > 0 and t > Tl 
0 < v < J(O, 4A o < p < m 41) + 41 1 ’ 2 ’ 
and 
(3.2) 
(ii) The solution has exactly one forward shock, x = s(t), namely the 
one eminating from ~(0, ql) Tl at Tl . Moreover, this shock is decelerating; 
i.e., s’ < 0. 
(iii) For any t 3 Tl , q and /3 are decreasing in x on [0, s(t)). Moreover, 
for any 0 < xi < xa < s(t): 
(a) The Riemann Problem for (E) with initial data (4, v)(xs , f) for 
x < 0 and (0,O) for x > 0 is solvable with a forward and back shock. 
(b) The Riemann Problem for (E) with initial data (4, v)(+ , r) for 
x -c 0 and (q, 4(x2 , t) for x > 0 is solvable with a forward rarefaction wave 
and a back shock. 
(c) The Riemann Problem for (E) with initial data (q, v)(xl , t) for 
x > 0 and the homogeneous boundary data q(0, t) = 0 is solvable with a 
forward rarefaction wave. 
(iv) q-(s(t), t) is increasing, ~u(0, t) = /3(0, t) is decreasing, and (Y is 
nonincreasing on forward characteristics ff = c(q). 
We remark at this point that the “continuation problem” (E), (IC)rl , 
and (BC) is not convertible by reflection into an initial value problem for (E). 
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If one takes the solution to (E), (IQ1, and (BC) and defines (Q, 8) on t 3 7’, 
bY 
x30 
x < 0 
and 
then ((i, 6) solves 
(3.3) 
a&7) av 0 and av ---= at ax am 0 z-ax=, 
--oo<x<cQ and Tl < t, 
where 
Q GOi 
q > ol 
and Qq) = f Gh 4 Q( 
!-2(-q), q > 01 ’ 
instead of (E). 
Our task now is to obtain quantitative estimates for the solution to (E), 
(IC), and (BC). The following parameters will be important in the sequel 
(see Fig. 1): 
(i) The total momentum, V, , of the system at Tl (it is easily checked 
that for any t > Tl , sf”’ v(x, t) dx G VI .) 
I 
c(O,ol)T1 
VI = 4x2 Td dx = ~(0, qd J(O, qd TI . (3.4) 
0 
FIGURE 1 
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(ii) The energy, .F(T,), of the system at Z’r 
=qT1) =c(O, 41) ( J2(o; &) + Ql)) Tl * (3.5) 
Through points (s(t), t), t > Y’i , we construct the characteristics x = L,(v), 
7j < t, as solutions of 
dL 
_ =4d (4 4, 
4 
W) = 4t>. (3.6) 
It is easily verified that L,(T,) is a nonincreasing function of t. We define 
T4 > Tl as the largest time t such that 
-qw = 0. (3.7) 
To obtain the estimates for times t E [Tl , 7’41 we apply the conservation 
law 
avpt - az(q)/ax = 0, (3.8) 
to the region bounded on the left by L,(a) and the right by s(e). The result is 
(3.9) 
If we now make use of the identity 
c(q) ZJ + %) = 241) B + -W - 41) q = Wq) B -lq ~‘(0 t dT 
= 244 /g + 47) I ml q2 
2 
= /g (24) + y (p _24) + 4) 1 ;@)I a2 
(3.10) 
and the inequalities 
0 < B, c(O) < c(q) for 4 < 0, and oQx<J~09q~)-q~, (3.11) 2 
we see that if q1 < 0 satisfies 
441) I WI (J(O, 41) - 41) G W)* (3.12) 
then (3.9) implies 
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In the inequalities (3.12) and (3.13) the numbers fi(pi) and &) are, respec- 
tively, the maxima and minima of 
over [qr , 01. If we now make use of the inequalities 
.c 
s(T1) C(O.RI)TI 
O< :‘::‘, w(x, T,) dx d j w(x, Tl) dx = j- w(x, Tl) dx = V, 
1 1 0 0 
and the fact that c?(z(L&), 7) is nonincreasing in q on [TI , t] we obtain the 
following estimate for a-(s(t), t) for TI < t < T,, : 
a-(s(t)’ t, ’ iz4(q,) ’ c’;O; (t - TJ 1 
112 
’ 
(3.14) 
We now turn our attention to what happens on the interval t > T4. We 
shall first require an estimate for OL(O, t) = p(O, t) for t > TI . 
LEMMA 3.1. The following inequalities prevail on t > TI : 
s t a@, T) dr = s ;I/3(0, T) d7 < A(ql) ’ ;gi)r(T1) , (3.15) Tl 
and 
0 < oI(O, t) z.zT /l?(f), t) < 4h) It’(O)’ nTJ . 
4c2(0) (t - TI) 
(3.16) 
Proof. Since /3(0, *) d is ecreasing and satisfies 0 < p(O, t) < (JO, qJ + qJ2 
we know that on any interval [TI , t], /3(0, .) has at most a countable set of 
points of discontinuity TI < t, < t, < .+. < t and that 
fl /3(0, T) dT = 11 ti+l ,k?(O, T) d7. 
i t. 1 
(3.17) 
Moreover, since the solution to (E), (IC), and (BC) has only the forward 
shock x = s(.), we have 
Bw?, 4>17) = m, 4 (3.18) 
on the characteristic x = b(q, T), r) < 7, defined by 
db 
- = -c@(o, 7) - a(& 7)) 
4 
and b(T, T) = 0, (3.19) 
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if r is a point of continuity of p(O, *). We define $(T) as that time such that 
w4 4 = 47j(4. (3.20) 
It is easily checked that +j is increasing, continuous on the intervals (ti , ti+r), 
and satisfies 0 < +j(~) -=c T. Moreover, (3.18) implies that 
where fi(.) is the inverse of q(.) on (ti , t$.+J and 
We shall now show that for 7 E: (‘lj(Q, +j(ti+,)) 
w 1’2 3<2(-) . 4 40) 
Equations (2.3), (3.19), and (3.20) imply that 
4 -= 
dr 
(3.21) 
(3.22) 
(3.23) 
while (3.19) and the inequalities c’ < 0 and (d/dT) @(O, 7) < 0 imply that 
satisfies 
Equations (2.1), (2.2), and (3.18) now yield 
and this combines with (3.25) to give 
(3.24) 
(3.25) 
(3.26) 
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or equivalently that 
g(+j(T), 7) 3 c1’2(q-(ij(T))) c1’2(o)- (3.27) 
If we now combine (3.23), (3.24), and (3.27) and make use of the facts that 
4%) > 40,4-1 and 40) < 4%) < 4q1), 
we obtain the desired result (3.22). 
The lemma now follows from (3.21) and (3.22) and the results of 
Lemma 2.3 D 
To obtain the desired estimates for times t > T4 we again apply the 
conservation law 
&l/at - az(q)/ax = 0, (E)* 
to the region 
g?t = 6-v 4 I Ud < x -=c S(T), 7(t) < rl -=c 4th t > T,), (3.28) 
where 7(t) > Tl is that time such that 
&(7(t)) = 0. (3.29) 
The result is 
We also find that if (3.12) holds, then (3.30) implies 
&?l) I c’(O)l ~-2w~ t) (t _ +)) < v 
2 1 1' (3.31) 
But, (3.30) may be rewritten as 
4%) I WI ~-2w t) (t - Tl) Z- 
2 
< 
-1 
v 
1 
+ &d I WI =2W>> t) (4 - Td 
2 1 
and this together with 
< min 
( 
J&h 41) + 41 4qd I c’K9l r(T,) 
2 > ' 4c2(0)(7(t) - Tl) ' 
implies that for times t > T4 
(3.32) 
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where 
K 
1 
= n*(%) I WI (JKA 41) + 91) TTl) 
16c”(O) (3.33) 
and 
(3.34) 
The estimates (3.14) and (3.32) and the fact that /3 3 0 combine to give 
I !7-(4th 4 = pP) I !I(‘, 01 < (I cTI;o; (y$Jp , (3.35) 
whereas the inequality /I > 0, the fact that /3 is decreasing on [0, s(t)), and 
Lemma 3.1 yield 
sup fl(. q < 471) I c’wl FVI) 
(o,sW ’ ’ 43(O) (t - Tl) * 
(3.36) 
The inequalities (3.35) and (3.36), the identity a! = p - 4 give the desired 
estimate for 0: as t + a. 
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